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An nxn topogenous matrix is an nxn transitive 
reflexive Boolean matrix over the set {O,)}. We use the 
one-to-one correspondence between the set of all nxn 
topogenous matrices and the collection .of all topologies 
over a set of order n to investigate properties of finite 
topologies. This correspondence is obtained in [7] by 
letting each entry a 1j in the matrix A equal one if and 
only lf xj Is an element of the minimal T-open neighbor-
-hood about x. in the topological space (X,T). 
I 
Let T, T' and T" be any three topologies on the 
f in I t e set X =: { x l , x 2 , ... , x } ; I et A = ( a .. ) , B = ( b .. ) n I J I J 
and C = (c.J) be the nxn topogenous matrices corresponding 
I . 
respectively to T,. T' and T"; and let N =·{1,2, ... ,n}. We 
sh ow. th a t T =: T ' i f a n d on 1 y I f b l j ~ a i j f o r a I I i , j e: N ; 
we show that c •• = a.
1
Jb.
1
J. for all i,j e: N if and only If T" 
,- . I J 
is the smallest (least number of open sets) topology on X 
such that T UT'= T"; and we show that T" = T n T' If and 
(A+ B) n-1 • only if C = under Boolean matrix operations 
where + 1 = 1. 
Let M be the group (under Boolean matrix multlpli-
cation) of al 1 nxn permu t ation matr i ces and for a ny m H 
let m' be the tra nspose o f m. We define the f o l l ow ing 
terms: {A]= {ol D = m' Am, me: H}, H[ A] = {m l A= m'Am, 
m e: M}, and [T] be the set of a l 1 topo l og i es homeomorphic to 
Tin X. Al s o for a ny fi n ite set V, l et o(V) be the number o f 
elements i_n V. We show that H[A] is a subg r oup of M, that 
o([ T]) = o([A]) = n l /o(H[ A] ) , and that if o([T ] ) = nl then 
T t s T • 
0 
Let f(n) a nd p (n) be the number of topologies and 
the nu mber of closed-open topo l ogies respecti ve l y on X. 
We give enu merati o n for mula s for f (n) and p ( n) . We show 
that f(n) ~ ( n - 1 + 3n - l)f(n-l) , that p(n) ~ n!, and that 
1 i m 
n-+-CX> p (~) / f ( n) = 0 . 
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Chapter 
INJRODUCTION 
H. Sharp [10] and V. Krishnamurthy [6] have shown 
that a topology on a finite set can be represented by a 
suitable matrix. These matrices have been found to be 
Interesting tools in investigating the structure of finite 
topological spaces and in answering related combinatorial 
questions. 
One such suitable matrix is the topogenous matrix, 
an nxn transitive reflexive matrix over the set.{0,1}. A 
one-to-one correspondence between the set of all nxn 
topogenous matrices A= (aij) and the collection of all 
topologies Ton the set X = {x 1,x 2 , ... ,xn} is obtained by 
letting each entry a .• In the matrix A equal one if and 
I J 
only If x 1 ls an element of the minimal T-open neighborhood 
about xi in X. Topogenous matrices coincide with the 
matrices used by Krishnamurthy [6], Rayburn [8] and Shiraki 
[11], and with the transpose of the matrices used by Sharp 
[ 1 O] • 
In this paper we will attempt to present a survey 
of the major work on finite topology and offer at least 
partial soluti~ns to some questions previously unanswered. 
A primary purpose of this paper will be to provide a 
conslstant set of mathematical tools to facilitate future 
research in this area. Where space permits, we will demon-
strate the use of these tools In solving problems related 
to topologies on a finite- set. 
REVIEW OF LITERATURE 
2 
Solutions to problems concerning finite to~ological 
spaces are of importance In many fields of mathematics 
because of the one-to-one correspondence between topologies 
on a given set and quasi-orders on the same set. This 
relation, along with the more commonly known one-to-one 
correspondence between T topologies and partial orders, 
0 
is noted by Sharp [10], Shiraki [11] and others. 
Butler and Markowsky [1] prove enumeration formulas 
showing the relationships among the number of distinct 
topologies, T topologies, connected topologies and 
0 
T -connected topologies on a set of order n (we display 
0 
these formulas in theorems 5.6 arid 5.7). In a similar 
fashion they also work with the number of homeomorphism 
classes of topologies, et cetera, on a set of order n. 
By developing the relationship between topologies 
and quasi-orders on _a set X, Kleitman and Rothschild [S] 
prove that the number of distinct topologies on a set of 
order n is asymptotic to and bounded below by zn 214 . 
Krishnamurthy [6] shows a development of the 
previously mentioned one-to-one correspondence between 
topologies and topogenous matrices, and uses this rela-
tionship to prove that an upper bound on the number of 
. n2 -n distinct topologies on a set of order n 1s 2 • 
In [8], Rayburn is pr I mar I 1 y concerned with 
3 
finite closed-open topologies (i. e. finite Borel fields). 
However an observation of his (see remark 3.1) forms the 
basis for the work in chapter three. Among the more 
interesting results proven in [8] are: that the collecti·on 
of all closed-open topologies on a finite set of order n 
forms a complemented lattice, that the number of elements 
In this lattice is less than or equal to z½n(n-l), and 
that a finite topology is Glosed-open if and only if Its 
corresponding topogenous matrix is symmetric with respect 
to the main diagonal. 
Two of the more extensive papers are by Sharp (10] 
and Shiraki (11]. Both of these papers contain many results 
which are used elsewhere in this thesis. The results proven 
in [10] include: that a reflexive Boolean matrix is 
topogenous if and only if it Is idempotent; that a topo-
genous matrix corresponds to a topology if and ontj if the 
transpose of the matrix corresponds to the dual of the 
topology, that a topology on a set of order n is not 
connected if and only if the corresponding nxn topogenous 
matrix and its transpose both contain the same k x (n - k) 
zero submatrix for some k, 0 < k < n; that a topology is T 
0 
If and only If its corresponding topogenous matrix ls 
anti-symmetric; and that on a set of order n where n is 
greater than one, the number of T topologies Is odd, 
0 
the number of connected topologies Is odd and the number 
of T
0 
connected topologies is even, 
Many of the results shown by Shiraki [11] are 
quite similar to those shown by Sharp [10]. Among other 
work, Shiraki [11] proves results on component spaces, 
product spaces and dual spaces, He also works with the 
concept of degree of connection of a T topology, 
0 
PRELIMINARY DEFINITIONS 
One of the first results given In this paper will 
show a one-to-one correspondence between the collection 
of all topologies on a set of order n and the collection 
of all nxn reflexive transitive Boolean matrices, and 
much of the subsequent work will be written in terms of 
these matrices, Hence it will be to our advahtage to first 
define and discuss Boolean matrices in general, 
Definition 1.1 Let {O,J} be a set with Boolean 
operations+ and# defined by I + I = 1, 0 + I = 1, 
I + 0 = 1, 0 + 0 = O, -1#1 = 1, 1#0 = 0, 0#1 = 0 and 
0#0 = O. For simplicity we will Indicate the operation 
# by juxtaposition. 
lj 
5 
Definition 1.2 Let any nxn matrix containing only zeros 
or ones be called a Boolean matrix. For any nxn Boolean 
matrices (a 1j), (b 1j) and (c 1j)' and for l,j e:·{1,2, ... ,n}, 
we define: 
each 
a). (a 1j) = (b 1j) if and only if aij = bij for 
and j, 
each 
b) (alj) ~ (bij) if and only if a 1j ~ bij for 
and j , 
c) (a •. ) < (b .. ) If and only if (a 1J.) < (b.1 J.) I J IJ = 
and there exists i and j such that aij < blj' 
d) ( c I j) = ( a .. ) + I J (bi j) I f and only i f 
clj = a •• + blj far each i and j (where a •. + b . . is taken I J I J IJ 
to be Boolean addition), and 
e) (c 1 .) = (a .. ) (b .. ) if and only if J I J I J 
a. b . for each and j. In OJ C • • = ailblj + ai2b2j + ... + I J 
We w i 11 denote Booleah matrix multiplication of k factors 
of ( a i j) by ( a I j) k 
We will be discussing Boolean matrices possessing 
certain special properties and in anticipation we define 
the following terminology: 
Definition .!...:J. Let (a 1j) be any nxn Boolean matrix 
and write (a 1j) is: 
a) reflexive when ail= 1 for each I, 
b) symmetric when aij = aji for each I and J, 
c) antisymmetric when (aij) is reflexive and 
for each i and j (i ,/, J), a.J = 1 implies a. 1 = O, I . J 
d) transitive when for each L, j and k, 
Further discussion of Boolean matrices may be 
found in papers by R. L. Davis [2] and by O. Felchtinger 
and B. McAl.lister [3]. 
Chapter 2 
ELEMENTARY PROPERTIES 
Let X = {xi,x 2 , ••• ,xn} be a finite set and let 
T be any topology on X. Since X Is finite, each x 1 in X 
has a unique minimal open neighborhood Ui In (X,T) and the 
collection of sets-{U1,U2,••·•Un} is an open neighborhood 
basis of the topological space (X,T). By using these 
minimal open neighborhoods, we shall now define a special 
type of Boolean matrices which will be- used throughout our 
investigation of topologies on a finite set, 
Definition~ (M. Shiraki) For a finite space (X,T), 
X = {x1,x2,••·•x }, let U. be the minimal open nelghbor-
n I 
hood about xi e ~- and let an nxn matrix A= (aij) be· 
defined as follows: 
lfxjeu 1 
a = 1( I J 0 otherwise, for l,j e:{1,2, •.. ,n}, 
Then the matrix A is said to be a topogenous matrix of the 
topological space (X,T). 
A topogenous matrix has the following impor.tant 
properties: 
7 
Theorem 2.2 (V. Krishnamurthy) Let A be the topogenous 
matrix of the finite topological space (X,T). Then the 
matrix A has the following three properties: A is a 
Boolean matrix, A is reflexive, and A Is transitive. 
Conversely, if a matrix A has these thre·e ·properties 
then A uniquely induces a topology on X.and A ls a topo-
genous matrix. 
Note that we may now use an nxn topogenous matrix 
8 
to construct a topology Ton X = {xi,x2 , ••• ,xn} ~y 
constructing a collection of subsets of X, setting xj & Ui 
if a 1j = 1 and otherwise xj i Ui for ·each i,j &·{1,2, ••• ,n}: 
It follows from definition 2.1 and theorem 2.2 that these 
sets u1 will be the minimal open neighborhoods in (X,T). 
It is Important to note that any nxn transitlv_e· 
reflexive Boolean matrix is an nxn topogenous matrix, 
since the rows of the Boolean matrix used by Sharp [10] 
to correspond to a topological space were defined by the 
closures of the singleton sets in X. However, Sharp's 
matrices are also nxn transitive reflexive Boolean matrices 
and further the columns ~fa Sharp matrix correspond to the 
· minimal open· nieghborhoods of the defining topology (Sharp· 
[10], theorem 1). Thus as Krishnamurthy noted in [71. the 
transpose of a Sharp matrix for a given topological space 
Is the topogenous matrix for that same topological space 
and, with care, we may apply theorems In Sharp's paper [10] 
9 
to topogenous matrices. 
Before discussing more useful theorems, we need to 
develop some equivalent definitions of a topogenous matrix. 
Lemma 2,3 Let A= (aij) be any reflexive nxn Boolean 
matrix. Then the following statements are equivalent: 
a) A is a topogenous matrix. 
b) A is a transitive matrix. 
c) If a 1J = 0 then 
i,j e: {1,2, •• ,,n}. 
d) A is an idempotent matrix. 
Proof: 
(a) = (b): By· theorem 2.2, 
(b) = (d): Choose B = (b.,.) such that A2 = B. Note that 
. I J 
for each i and j, b .. = 
I J + .•• + a .. a .. + ... +a.a. I I I J In nJ 
and' thus b., > a. ,a, .. Since A 
I J - I I I J 
is reflexive, a • • = 
I I 
I for 
each i and thus for each i and j, b •• 
I J ~ a i j. Hence· by 
·:definition 1.2 we have that A2 ~ A. 
Now If A2 > A then by definition 1.2, there exists 
l,J e:·{1,2, ... ,n} such that b .. > a .. and hence for this 
I J I J 
choice of i and j, blj = 1 and aij = O. Thus 
bjl = ailalj + ai 2a 2j + •.• + a 1nanj = 1 implies there 
exists k e:·{1,2, •.• ,n} such that aikakj;, 1, and hence 
by (b), that aij = 1, Thus we have reached the contradiction 
that a 1J must be both zero and one. Hence we are forced to 
the required conclusion that (b) lmpl les (d). 
(d) =>- (c): Assume that A= A2 . Then by definition 1.2, 
a 1j = ai 1a 1j + ai 2a 2j + ... + a 1nanj" Hence if a 1j = O 
then ailalj + ai 2a 2j + ..• + ainanj = 0 and (d) implies-:(c) 
as required, 
(c) =>- (b): If A Is not transitive then there exists 
i;J,k e:·{1,2, ••• ,n} such that aikakj = I and 
But by (c) we have that a .. = 0 imp! ies that 
IJ 
a. , 
I J 
= 0. 
a 11 a 1j + ai 2a 2j + ••. + ainanj = O, and in particular 
aikakj = 0. Thus we reach the contradiction that aikakj 
must be both zero and one. Hence (c) imp! ies (b) as 
required, completing the proof of the lemma. 
To simplify notation in later work, we make the 
following definition concerning row and column tuples: 
Definition 2.4 For any two Boolean matrices A and B 
such that A and Bare both nxn, let a.~ and b.~ (a~. and 
1-- J" --1 
1 1 
th th b*J) be the I and J row tuples (column tuples) of 
A and B respectively, and.write: 
a) a 1* ~ bj* (a*i;;, b*J) if and only if aik;;, bjk 
(~kl;;, bkj~ fork= 1,2, ... ,n. 
b) a • .,_ 
In 
< b • .,_ 
. J .. 
there 
(a*i .< b*j) if and only if ai* < bj* 
ex i st s k e:: {1 , 2; • , • , n} such that 
Us Ing the above no tat ion we can now _adapt the 
following theorem and corol~ary from [10]: 
Theorem 2.5 (Sharp) If (a .. ) is an nxn topogenous matrix 
I J 
then for any given i,j e: (1,2, ... ,n} the following are 
·equivalent: 
a) . 
b) 
a·. • = 1 
I.J 
a • .... > a· • .,_ 
Jn = J" 
.Corollary 2.6 (Sharp) If (a 11 ) is an nxn topogenous matrix 
then for any given i,j e: {1,2, ... ,n} the following. are 
equivalent: 
a) aij = ajl 
b) aj* = al* 
c) 
The following theorem shows the-correspondence 
between an order relation on the -set of all topologies 
on X =·{x 1,x 2 , •.. ,xn} and an order relation on the set 
of all nxn topogenous matrices. 
* Theorem 2,7 Let T and T be any two topologies on a set 
X = {x 1 ,x2 , ••• ,xn} and let A= (aij) and B = (bij) be 
* their cor~esponding nxn topogenous matrices, Then T CT 
if and only if A~ B. 
Proof: * If Tc T · then for each pair of minimal open 
Ii 
neighborhoods U.
1 
and U'.: of x. EX in T and T* respectively, 
I I 
* u1 ~ u1• Thus it follows by definition 2.1 that for each 
I and j, aij ~ bij and A~ B. 
Note that the abov, -argument can be reversed·, 
·completing the theorem. 
As final results we note the following theorem 
and corollary on the correspondence between T
0 
topologies 
and topogenous matrices. 
Theorem 2.8 (Sharp) If Tis any topology on a finite set 
and A is its corresponding topogenous matrix then T Is T
0 
if and only If A Is antisymmetric. 
Corollary 2.9 If T Is any topology on a set of order .. n 
and (a .• ) Is its corresponding nxn topogenous matrix then 
I J 
T Is T if and only if a.~,/, aJ* for all I,/, j, 0 I •~ ~ 
l,j e:{1,2, ... ,n}. 
Proof: By definition 1,3 and corollary 2.6, A ls anti-
symmetric if and only if a.~,/, a.~ for all ,/, j, 
I,. J,. . 
i,j e: {1,2, ... ,n}, and hence the corollary follows from 
theorem 2.8. 
13 
• 
• 
Chapter 3 
CORRESPONDING OPERATIONS 
Rem~rk 1:..!. Given two topologies T and r* on a finite set 
X, and thei.r corresponding topogenous matrices A and B, 
M, Rayburn [8] has made the observation that the element-
wlse direct product of A and B is a topogenous matrix 
corresponding to the smallest (least number of open sets) 
... 
topology containing the set TU T0 • He also noted that the 
smallest (least number of nonzero elements) topogenous 
matrix containing the Boolean matrix A+ B corresponds to 
the topology r-n r*. 
We wilt show that Rayburn's observations are 
n-1 
correct and further that (A+ B) is the smallest topo~ 
genous matrix containing the Boolean matrix A+ B. 
Since the union of two topologies on a set X Is 
not necessarily a topology on X, we will begin by working 
with a general collection of subsets of X. Let X = 
·{x 1 ,x2 , ••• ,xn} and let S be a collection of subsets of X 
such that X e: S. Defin.e Si by s 1 = 0{VJ Ve:S and xie:V}. It 
is-a· standard exercise (Kelley, [4], chapter 1, exercise B) 
that the collection of sets {Si I = 1,2, ••• ,n} forms the 
14 
• 
• 
unique minimal open neighborhood basis for some topology T 
on X. 
Lemma 3.2 T as constructed above Is the smallest topology 
on X such that Sc: T. 
Proof: * Let T = {RJ R· ls a topology on X and S 5: R}. It 
* Is obvious that Sc: T. Hence T Is not an Intersection over 
the empty set and T* s T • 
For i = 1,2, ... ,n * let u1 be the minimal open 
neighborhood about x. ~ X In T*. Thus for e,ach I, Sc: r* 
I 
* Implies Uj 5: s 1 , and since T is the topology formed by the 
arbitrary union of elements of {s 1 J I= 1,2, .•. ,n}, we have 
* * that Tc: T. Hence T = T .as required. 
Definition 3.3 For any two nxn Boolean matrices A= (a 1.) J . 
and B = (bij) let C = (cij) be the nxn Boolean matrix 
defined by.c •• = a 1.b •. for i,j 1,2, ••• ,n and write I J J I J 
C = AAB. 
Now th~t we have defined the elementwise direct 
product between matrices, we are ready to verify Rayburn's 
observation (see remark 3.1) concerning direct products of 
topogenous matrices. 
Theorem 3.4 Let r 1 and T2 be any two topologies on a 
. . 
• 
finite set X =·{x 1 ,x2 , ••• ,xn} and let A= (a 1j) and 
B = (b 1j) be their corresponding nxn topogenous matrices. 
Then: 
a) the matrix C =AA B is a topogenous matrix, and 
b) the topology T corresponding .to the topogenous 
matrix C Is the smallest topology on X which contains the 
set S = Tl U T2 • 
Proof (a) : By definition 3. 3 we ha·ve the following: 
1) for a 11 i • C • • I I = ailbil = and 
2) I f elk = 1 = C kj then cik = aikblk = 1 and 
ckj = a kj b kj = 1 • 
Thus if cikckj = 1 then aikakj = 1 and bikbkj = 1. 
Hence a 1j = 1 and blj = 1, and cij = aijblj = 1. Therefore 
by lemma 2,3 C Is a topogenous matrix. 
( b) : Let U i , U I , U 't' and S i be the m i n i ma 1 open 
neighborhoods about xi e: X in T, T 1 , T2 and S respectively. 
Note that if we show Ui = s 1 for all i, then by lemma 3;2 
we ar·e done. 
Note that S = T 1 .u T2 implies that for each xi e: X, 
.{VJ Ve:S and x 1e:V} = {UJ Ue:T 1 and x 1e:U} u·{uJ Ue:T 2 and xie:U}. 
Hence if Si= 0{VJ Ve:S and x 1e:V} then 
s1 = ( 0{UJ Ue:T 1 and xie:U}) n ( 0{UJ Ue:T 2 and x 1e:U}). 
• 
0 
I 7 
But, u, = n{ui UET, arid XIEU} and U'1' = fl{UI UET2 and XIEU}, 
and thus Si = u1 n uy. 
Now we show that U. = U! n U','· By the definition of 
I I I 
the matrix C, c 1j = a 1jblj for all I andj. Thus by the 
definition of a topogenous matrix, X, E 
J 
U, if and only if 
I 
c I j = I = a I j b I j I f and on I y i f x j E U I and x J E U •1 , w h I ch 
holds if and only if xj E u1 n U111 • So u1 = u1 n U111 • Hence 
u1 = s1 and thus by lemma 3.2, the topology T is the 
smallest topology on X which contains S = T1 U T2 , as 
required, 
We need now to Investigate the topogenous matrix 
operation which corresponds to taking the lntersect[on of 
two topologies on a set X. Consider two topologies T1 and 
T2 and their intersection T = T1 n T2 on a finite set X. 
I f u I I u ! and U'.' are the minimal open neighborhoods about I I 
xi E X In T, Tl and T2 respectively, then T = T1 n T2 
imp I i es that U 1 U uy. Note that unfortunately, i t i s 
not necessarily true that u1 = u1 U uy. 
For the same three topologies T, T1 and T2 let A, 
Band C be their respective topogenous mat·rices and let 
D ·= B + C where dlj = blj + cij for each I and j (note we 
are still using Boolean operations). Observe that: 
x. E u l u U'.' if and only i f b .. = 1 or C' • 
-
I I which holds J I I J I J 
I f and only i f d I j = blj + clj = 1 • I t follows that 
A > B + C = D. Computation of a few examples w i 1 I show that 
= 
• 
0 
D Is not necessarily a topogenous matrix, as might be 
expected since U! U U" is not necessarily a minimal open 
I I 
neighborhood In r 1 T2 • 
Thus the major part of the work in this section 
I 8 
will be to Investigate nxn reflexive Boolean matrices, in 
order to generate a topogenous matrix from a Boolean matrix 
that Is not necessarily topogenous. We will show that If D 
Is an nxn reflexive Boolean matrix, then Dn-l Is topogenous 
and we will then prove a stronger form of Rayburn's second 
observation (see remark 3,1). 
In the following work, unless speclfi•cally stated 
otherwlse, all matrices will be n~n reflexive Boolean 
matrices, and not necessarily topogenous. Operations_ and 
relations will be as defined In definitions I.I, J.2 and 
1,3, and in addition we make the following two definitions: 
Definition 3,5 Let A and B be any nxn reflexive Boolean 
-
matrices and define AV B by AV B = (A+ B)n-l. 
Definition 3. 6 Let a • C I'• be the 
Ith row tuple of the Boolean 
mat r Ix A, Define m to be the. .th row tuple of Am where m a, ... I 
I" 
is any positive integer. 
Lemma 3,7 For any nxn reflexive Boolean matrix A and for 
· ' I ' Am+I any posit ve integer m, ~ 
• 
1 9 
Proof: Let m be a positive Integer, and let B = (b 1j) and 
C = (c 1J) be such that for the nxn reflexive Boolean 
matrix A= (a 1j), B = Am and C 
C, then: 
m+l 
= A = BA. For any c·t"J In 
clj = ~llalj + bi2a2j + .•• + bljajj + ••• + blnanj ~ bljajj 0 
Note that since A is reflexive, ajj = 1 and hence 
clj ~ blj• Thus by definition 1.2, C ~Band Am+l ~ Am 
as required • 
According to definitions 2.4 and 3.6, we also have 
the following corollary to lemma 3.7: 
Corollary 1.:,i Let a 1* be the 1
th
row tuple of the 11xn, 
reflexive Boolean matrix A. Then for any positive Integer 
Lemma 3.9 Let a,~ be the 1th row tuple of the nxn reflex-1 .. 
Ive Boolean matrix A. If there exists m > 0 such that 
m m+l 
ai* = a 1* then for any positive Integer r greater than 
m r 
m, a 1* = al*' 
Proof (by induction on r > m): 
m Integer. Let B = A , C Am+l 
= ' 
Let m be a positive 
m+2 
and D = A • Then by 
lemma 3,7, we have that Am< Am+l ~ Am+ 2 , and hence 
B < C < D. It follows from definition 1.2 that 
= = 
b 1• < c 1• < d •. for i,J. e:·{1,2, ••• ,n}. J = J = IJ 
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Now assume that am1.,. __ = a~:
1 and hence b = ciJ' for I •• I j 
j = 1,2, ••• ,n. Then dij = c 11 a 1j + ci 2a2 j + ..• + c 1nanj and 
thus dij = b 11 a 1J + bi 2a2j + ••• + binanj' But 
+ ••.• + b1 a. and hence n nJ clj = bilalj + bi2a2j 
dlj = cij = bij for j = 1,2, ... ,n. m+2 = al* 
and the lemma is correct for r = m + 2. So assume that 
the 1 emma is 
m 
assume a . .,_ I,. 
correct up to some Integer 
m+l • 1 . h m m+l imp 1es t at a 1* = a 1* 
r > m + 2. That Is 
r-1 
= a • .i. 
I•• = ••• = ai* 
m m+l We will nowshowthata . .,_=a 1.,_ I •• .. 
r-1 
= ... =al* implies 
r-1 r r-2 that a 1.,_ = a • .,_. If we let B = A , C = .,. I.,. Ar-l and D 
- Ar 
- . 
then the argument follows exactly as before, completing 
the proof as required. 
Corol laq'. 1.:...!..Q. Let r and m be positive Integers with r > m 
and let A be any nxn reflexive Boolean matrix. 1 f Am = Am+l 
then Am = Ar for a 11 r > m and Am i s idempotent. 
Proof: m m+l m If for some m > O, A = A then al*= m+l a • .,_ I ,. 
for = 1,2, ••• ,n and it follows from lemma 3,9 that 
m r for a 1 1 > m. al* = al* r 
Now choose r = 2m. I f Am= Am+l then we have 
Am= A2m = (Am)2 and hence by definition 1 . 3 , Am i s 
Idempotent, completing the proof. 
that 
Theorem L.l!. If A Is an nxn reflexive Boolean matrix then 
An-I = An and An-I is topogenous. 
• 
2i 
Proof: For each m < n, let a~* be the 1th row of Am. If 
for each i = 1,2, ••• ,n there exists an m such that m < n 
m m+ 1 m n-1 n 
and a 1* = a 1.,_ , then by lemma 3.9, a . .,_= a • .,_ = a 1* (note ,. I ,. I,. 
that m is dependent on I and may be different for distinct 
choices of i). But then for al 1 
· n-1 
and hence A 
n-1 n i, we have that a 1* = a 1* 
Thus assume that there exists e·{l,2, •.• ,n} such 
that aJ* < af* <.,.< a7*. Let (b 1j) = A
2 
and note that for 
2 
each blj ln ai*' blj 
if a I k = 0 for a 11 k 
thus a . .,_ I ,. 
a I a .• n nJ 
forallj,/,i 
Hence 
and 
2 
a . .,_ •then we I,. 
are forced to also assume that there exists j e {1,2, ••• ,n} 
such that j ,/, i and a •. = 1. But a •. = 1 and hence we are 
I J I I 
assuming that a . .,_ contains at least two non-zero elements. 
I" 
.F h 'f k d k+ l urt er 1. a . .,_ an a 1* In • (for 1 ~ k ~ n) contain the same 
k k+l k k+l 
number of non-zero elements and ai* ~ a 1* then ai* = ai* . 
Hence we are forced to assume that a~ ... contains 3 non-zero 
1-
. k 
elements, a . .,_ (1 < k < n) contains k + 1 non-zero elemen·ts I" ~ 
and ultimately that a~ ... contains n ~ I ,. non-zero elements. 
But since a7* is an n-tuple and contains only n elements, 
our assumption that 
n-1 hence A 
and 
If A Is reflexive, then 
hence·An-l ls reflexive. If 
a~ ... was false, and I .. 
n-1 by lemma 3.7, A ~ A 
n-1 n A = A then-by corollary 
n-1 3.10, A. is idempotent. Hence if A Is reflexive and 
n-1 n ' n-l A =A, then by lemma 2.3, A is topogenous, 
completing the proof as required. 
Lemma 1.:...!2 Let A and B be any nxn Boolean matrices and 
let m be any positive Integer. If A~ B then Am < Bm. 
Proof: If m = I then we are done, so assume that m ~ 2. 
If A< B then by multiplying on the left by A, we have: 
A2 < AB and hence A2 ~ B2 • Thus by Induction on m, we 
have that Am 
as required, 
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Recalling that by definition 3,5, B V C = (B+C)n-l 
where Band Care nxn Boolean matrices, we will now prove 
our str.onger version of Rayburn's second observation (see 
remark 3,1). 
·.Theorem l:..!l Let:• T1 and T2 be topologies of a set 
X = {x 1 ,x2 , ... ,xn} such thatT.= T1 n T2 and let A, B 
and C be their respective nxn topogenous matrices. 
Then A = .B V C. 
Proof:. Since T = Tl rl T we note that T I s a subset 
. 2 
Tl and T I s a subset of T2. Hence by I emma 2.7, A > B = 
of 
and 
A> C. Thus A > B + C and so A n-1 > (B + C) n-1 by lemma 
=. = = 
3.12. But A is topogenous and so by lemma 2.3 A is Idem-
potent. Thus by corollary 3.10 A= An~I and ~ence 
Since Band Care topogenous, Band Care both 
reflexive, and so B + C Is reflexive. Hence by theorem 
3.11, B V C is a topogenous matrix and thus there exists 
* a topology T on X corresponding to the topogenous matrix 
B V C. We note that B ~ B + C and C ~ B + C, and thus by 
l'emma 3. 7 B < B 
= V C and C < B V = C • Hence by l:heorem.2.7 
* 
... 
* T =TI and T··= T2. Thus T I s a subset of T and hence, 
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again by theorem 2. 7, A < 
= 
B V C. Thus A = B V C as required. 
As final results in this section we note the 
following two corollaries to theorem 3.13. The proof 
of the first corollary Is contained within the proof 
of theorem 3.13. 
Corollary 1..:...!l lf Band Care nxn topogenous matrices 
then B V C ls an nxn topogenous matrix. 
The next corollary follows from theorem 2.7 
and the preceeding corollary and theorem.(3.13 and 3.14). 
Corollary l!...!.i If T, T1 and T2 are topologies on a set of 
order n, and A, Band Care their respective nxn topogenous 
, 
matrices, then T = T1 n r2 if and only if A= B V C. 
Chapter 4 
HOMEOMPRPHISM CLASSES 
In this section we wil•I Investigate homeomorphism 
classes of topologies on a finite set via topogenous and 
permutation matrices, We make the following definitions to 
set up the basic framework for this Investigation. 
Definition 4.1 Let A be the set of all nxn topogenous 
matrices, 
Definition 4.2 (Shiraki) Define the permutation matrix m 
which corresponds to the permutation: 
... 
by m = (6 1 p(I)) where 6 1 p(I) Is the Kronecker delta. Let 
m' be the transpose of m and let M be the group (under 
Boolean matrix multiplication) of all nxn permutation 
matrices. 
Definition U (Shiraki) Given two nxn Boolean matrices A 
and B, write A is equivalent to B if there exists m & M 
24 
such that B = m'Am. 
Definition 4.4 For any topology Ton a finite set X and 
for any A E A, 1 et [T] be. the set of al 1 to pol ogles on X 
homeomorphic to T and let [A] be the set of all matrices 
In A equivalent to A. 
Definition 4,5 For any finite set S, let o(S) be the 
number of elements In S. 
The corollary to the next result will show that 
o([T]) = o([A]) for a given topology T and its corres-
ponding A EA on a set of order n. 
Theorem 4.6 (Shiraki) * Let T and T be two topologies 
on a finite set of order n and let A, BE A be their 
... 
respective topogenous matrices. Then (X,T) and (X,T"). 
are homeomorphic if and only If A and Bare equivalent. 
Corollary 4,7 Let T be a topology on a set of order n 
and let A be its corresponding topogenous matrix. Then 
o ( [Tl) = o ( [Al) . 
The fol lowing 1 emma from [11] wi 11 al low us to 
examine the structure of [A] more closely. 
25 .. 
Lemma 4.8 (Shiraki) A matrix which is equivalent to a 
topogenous matrix is topogenous, 
Corol 1 ary 4. 9 For any A -e: A, 
[A] •·{sJ B = m'Am for some me: M}. 
For a given A e: A we may not need all of M to 
generate the particular topogenous matrix equivalence 
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class [A], as the following definition and lemma will show. 
Definition 4.10 For any A e: A, let 
H[A] .·.{me: MJ m'Am = A}. 
Lemma 4 • 1 1 If A e: A, then H [A] I s a sub g r o up of M. 
Proof: Let e be the identity element of M and note that 
e'Ae = A for any A e: A, Thus H[A] Is nonempty. If 
h1,h 2 e: H[A], then hjAh 1 = A and h2Ah 2 = A. Hence 
(h 1h2) 1 A(h 1h2) = h2h1Ah 2h1 = h2Ah 2 = A, and thus h1h2 
ls an element of H[A], showing. that H[A] is a subgroup 
of Mas required. 
Lemma 4.12 For any A e: A and for any r,s e: M, 
r'Ar = s 1 As'if and only if rands are In the same right 
coset of H[A] in M. 
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IP,roof: (~) If r'Ar = s'As for s,r ~ M, then 
s,r"Ars' = ss'Ass• = A and so (rs') 'A(rs') =A.Thus 
{rs')£ ff{A], and there exists h £ H!A] such.that rs'= h. 
Hence r = hs, and rand s·are ln the same right coset of 
Ill [A] • 
-(--=) If r a.nd s are l.n the same right coset of H [A], then 
ther~ exists h £ HIA] such that r =sh.Hence 
r'Ar = (hs)'A{hs) = s'h'Ahs and since h'Ah = A, we have 
that r'.Ar = s".As, completing the proof. 
It follows from the preceding lemma that for a 
gh1en A £ A, U1e number of elements in !A] is equal to the 
number of distinct right cosets of H!A]. We a·lso note that 
o(~) = nl and that the number of right cosets of H[A] in M 
is nl/o(H!A]). Thus we have proven the following theorem: 
Theorem 4.13 For any A£ A, o(!A]) = nl/o(H[A]). 
By applying corollary 4.7 to theorem 4.13, we have 
a technique for counting the number of elements In a 
homeomorphism class of topologies a finite set. We give an 
exa.mple of the use of this technique In the following 
tbetirem and co.re 11 a ry. 
Theorem 4.14 let T·be a topology on a set X of order n 
and ]et A be its corresponding nxn topogenous matrix. 
If o([A]) = nl then T Is T
0
• 
Proof: Assume that o([A]) = nl and T Is not T. Now 
. . 0 
o([A]) = nl implies that o(H[A]) = I by theorem 4.13. 
Also If T is not T
0 
then by lemma 2.8, A Is not 
anti-symmetric. Hence there exists I and j such that 
a 1J =_I 
and a*. 
• I 
=. a •• J I for some a .. ,a. 1 In A, and thus a 1~ = a.~ IJ J - J~ 
by corollary 2,6. Let the permutation 11 be 
11 ='(I ,j) and I et m be the corresponding permutation 
,r 
matrix In M. Then m'Am = A and.{e,m }!:; H[A], where e Is 
,r ,r 11 
the Identity element of M. Hence o(H[A]) ~ 2. But this 
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contradicts that o(H[A]) = I, Thus our original assumption 
was false and o([A]) = nl Imp! !es T Is T as required. 
0 
In proving lemma 4.14, we also note the following 
corollary: 
Corollary h.Ll_ If T Is not T
0 
.then o([A]) ~ nl/2. 
Chapter 5 
BOUNDS AND ENUMERATIONS 
In this section we will investigate various methods 
of bounding and enumerating the number of elements in 
various subsets of the collection of a11· topologies on a 
given finite set. To facilitate this discussion, we will 
use the following notation. 
Definition B On a given set X of order n, let: 
and 
a) 
b) 
c) 
d) 
f(n) be the number of topologies, 
g(n) be the number of T
0 
topologies, 
h(n) be the.number of connected topologies, 
r (n) be the number of T -connected topo_l og I es, 
0 
e) p(n) be the number of closed-open topologies. 
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It should be apparent that an upper bound on f(n) 
Is the number of subsets of the power set of 
X •·{x 1,x2 , ••• ~xn} or In other words: 
fJn) 
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Krlshnamu~thy [6] was apparently the first to make a 
significant improvement on this upper bound by using the 
one-to-one correspondence between the set of all topologies 
on a set of order n and the set of all nxn topogenous 
matrices. Although Krishnamurthy was not able to use the 
full power of this correspondence, he was able to show that: 
f(n) 
by merely noting that there were 2n(n-l) nxn reflexive 
Boolean matrices. In the fol lowing work we shall construct 
a better approximation of f(n). 
Lemma 5,2 If A,; (aij) is an nxn topogenous matrix and 
is an (n-l)x(n-1) matrix 
for all'i,j e: {1,2, ••• ,n-1}, then B 
topogenous matrix. 
r 
such that bij = aij 
is an (n-l)x(n-1) 
Proof: Since A is topogenous, A is both transitive and 
reflexive, and since bi! = ail for i = 1 ,2, .•• ,n-1 
B Is also reflexive. Thus we need only to show that B Is 
transitive and the result will follow by lemma 2,3, 
Assum~ to the contrary that B Is not transitive. 
Then by definition 1,3, there exists i,'j and k such that 
blkbkj = 1 and blj = 0, But alk = bik' akj = bkj and 
alj-= bij' We are thus forced t6 the contradiction that A 
Is not.transitive. Hence B must be transitive and thus 
topogenous, completing the proof. 
Thus by lemma 5,2, if we take each (n-l)x(n-1) 
topogenous matrix and adjoin each possible nth row and 
column, the set of matrices generated will contain all 
possible 
have ann 
nxn topogenous matrices. 
n-1 
= I, then there are 2 
If we note that we must 
f h • th ways o c oos1ng an n 
row and the same for an nth column. Since 
f(n-l) < 2 (n-l)(n-2) and 22(n-1) 2 (n-l)(n-2) = 2n(n-l), 
. = 
we have shown: 
Corollary 5.2 f(n) < zn(n-1) for n > 1. 
= 
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To produce the new upper bound In corollary 5,2, 
we have·considered every possible choice for an nth row 
and ~th column of a fixed (n-l)x(n-1) topogenous matrix. 
But by usini 6oro1lary-2.6, we can reduce the number of 
posslbl~ choices for this nth row and column. We formalize 
this concept In the proof of the following theorem: 
'32 
Theorem ·5,3 If n > 1, then f(n) < (n -
= 
Proof: Fix any (n-l)x(n-1) topogenous matrix and assume 
that we adjoin an nth row and column such that the nxn 
matrix A= (a 1J) thus formed is topogenous, 
If in our choice of the nth row and column, there 
exists elements ain and ani such that a 1nanl = 1 for some 
I e:·{1,2, ... ,n-l}, then by corollary 2.6; a.,= a 1,.n and n .. 
a*n = a*I' Thus if a 
(a. ,a .) in the nth 
single pair of symmetric entries 
1 n n 1 
and a • 
n1 
row and column is such that 
= 1, then the rest of the entries in the 
aln = 
nth 
row and column are forced by our choice of the original 
(n-l)x(n-1) topogenous matrix. Since there are n - 1 such 
pairs (excluding (ann'ann)) and there are three ways of 
choosing each pair such that a. a • = O, there are thus 1n n1 
at most (n - 1 + 3n-l) ways of choosing an nth row and 
column to form an nxn topogenous matrix from an (n-l)x(n-1) 
n -1 ) topogenous matrix. Hence f(n) ~ (n - 1 + 3 as required. 
If we note that for n > 2, 22 (n-l) > n -
then It follows by corollary 5,2 that for n > 2, 
2n(n-l) > (n - 1 + 3n-l)f(n:..1). 
Rema·rk ·5·.4 ·· lh investigating a lower bound on f(n), D. 
Kleitman and B. Rothschild [5] were able to show that: 
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for all n > 1 and more Importantly that the two quantities 
were asymptotically equal as n approached infinity. 
Cor6llary 5.5 shows the relationships among f(n) 
and the various bounds we have discussed. The largest 
known value of f(n) Is f(7), and the values for f(n) are 
taken from [ 1]. 
Corollary 5.5 If f(n) Is the number of topologies on a 
set of order n, then: 
n 2n f(n) 2 - f( n-1) n n-2 t 2n 2 ( 1 ) 
-
1 1 1 
2 4 4 4 
-5 29 44 64 
1 
4 
64 
2 
3 
4 
5 
6 
7 
1 6 355 870 1 , 856 4,096 
. 
-152 6,942 30,175 90,880 1,048,576 
512 209,527 1,721,616 7,108,608 ~10 9 
4,870 9,535,241 154,002,345 858,222,582 -4 X 1 0 12 
Where t is replaced by (n -_ 1 + 3n-l)f(n). 
We will next consider two theorems developed In 
[l] which show the numerical relationships among f(n), g(n), 
h(n) and r(n). These two theorems are included only for 
completeness, and for further development of them, see [l]. 
The functions s(n,m) and S(n,m) used in theorem 
5,6 and theorem 5,7 denote Stirling n~mbers of the first 
and s·econd kind respectively. Recursion relations and 
gene rat Ing functions for St i rl Ing numbers may be found 
In [9] and also In most basic combinatorics texts, For 
definitions of the other functional symbols used in the 
following two theorems, see·deflnition 5,1. 
Theorem U (Butler and Markowsky) 
!1 
a) f(n) = 'f S(n,m)g(n), 
iii= 1 
n 
b) g(n) = L s(n,m)f(n), 
m=l 
n 
,c) h(n) = L S(n,m)r(n), and 
m=·l 
n 
d) r(n) = L s(n,m)h(n), 
m=l 
The following theorem from [1] was derived via the 
Bell polynomial, a generalized exponential generat,in·g 
function. For basic properties of the Bell polyriomial, the 
· reader is referred to Riordan, [9], sections 2.8 and 4.5, 
Theorem ·5. 7 (Butler and Markowsky) Let Pn be any 
partition of n, let k. be the number of parts of Pn 
' I 
of size i, let k = k1 + k2 +.,.+ kn' and let s(k,1) be 
a Stirling number of the first kind. Then, 
' 
n [ t(i) )ki, 
a) g(n) = r·n1TT {l/kll) 71 
'f I =1 
n 
·-· 
n k ' -
b) r(n) = ~ n!TI
1
(1/k 11)( g~j>) 1s(k,1), 
n 
··-
c) f(n) = ~ n!Tf
1
(1/kil)[ h~:) )ki, and 
n 
.. 
n [· f(") )k. 
d) h ( n) = ~ n ! TI·i ( 1 / k i I) -rl- 1 s ( k, 1 ) . 
n 
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If a usable generating function Is found for any 
one of f(n), g(n), h(n) or r(n), then generating functions 
for the othe·r three values may be derived· by using theorems 
5,6 and 5,7. 
We will next consider a collection of topologies 
for which a simple enumerating formula is known to exist. 
Definition 5,8 For a given set X of order n, let a 
closed-open to~ology be any topology on X which contains 
all of the complements of Its elements relative to X. 
Rayburn ([8], lemma 1) has shown that the set of 
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minimal open neighborhoode of any closed-open topology on a 
finite set X forms a partition of X. Thus the number of 
closed-open topologies p(n) on a set of order n is equal to 
the number of partitions of that set. 
Remark 5.9 (a·dapted from wo.rk by R. Lindahl of Morehead 
·· n n-1 State University) p(n) = [l=l ( 1_1)p(n-i). 
Proof: Let X = {x 1 ,x 2 , ••• ,xn}. Fix any x £ X, and for any 
given partition of X, let i (1 ~ i ~ n) be the order of the 
element P of the partition which contains x. Then there are 
( n-1} ( ) i-l ways of ch~osing P and there are p n-i ways of 
choosing the r·emaining n-i elements of X to form a 
partition. Hence p(n) is as required. 
An outstanding conjecture made by Rayburn in [8] 
is that ~!rn p(n)/f(n) = o. In order to prove this 
conjecture, we will need the following two lemmas: 
·Lemma i.:l.Q_ (Rayburn) A finite topology is a closed-open 
topology if and only if its corresponding topogenous 
matrix ls symmetric with respect to the main diagonal. 
Lemma .2..:..!..!. p (n) ~ n ! . 
·Proof: By lemma 5.10, p(n) Is also the number of symmetric 
nxn topogenous matrices. If an nxn topogenous matrix 
A= (a .. ) Is symmetric, then a .. = a .. for all i and J, 
I J I J J I 
and In particular, a 1n = ant· Hence if for some 
i &·{1,2, .... ,n-l} we have a. = 1 = a, then by-corollary 1 n In 
2,6, an*= ai"' and a*n = a*I' It follows that there are 
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at ~ost n - 1 ways of choosing the nth row and column such 
that for-some e: {T,2, ... ,n-·1}, a 1 a.= 1. Again since n n, 
A ls symmetric, there is exactly one way of choosing 
a 1nanl = 0 for all i = 1,2,,,.,n-1 and hence there are 
at most n possible choices for the nth row and column 
of. a symmetric nxn topogenous matrix. Thus p(n) ~ n,p(n-1) 
and by induction we have p(n) ~ nl as required. 
Theorem .2..:.11. 1 im p(n)/f(n) = O. 
n-+-"' 
Proof: From remark 5.4 we know that for n > 1 • 
f(n)> 2n 2 / 4 and 
= 
by lemma 5 . 11 we have that p(n) < n I • 
= 
Hence for a 11 n > 1 • p(n)/f(n) -n 2 /4 ~ nl2 • Note that 
17 < 2(i 7-l)/ 2 and by induction on n, if n ~ 17 then 
n < 2 (n-1)/2, 
Note also that 16! < TT 1,;,]'
6 2(i-l)/2 and hence 
by the p'receding remark, if n ~ 16 then 
nl < TT!=~ 2(n-1)/2 = 2n(n-1)/4. Thus 
1 i m 
n-+-"' 
1 i m 
< 
= n·+co 
1 i m 
n-+-"' 
and hence lim p(n)/f(n) = 0 as required •. 
n-+-"' 
2 -n/4 = 0, 
As a final theorem in this paper, we will give a 
non-recursive enumeration of f(n). 
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Theorem .a.:..!l Let f(n) be the number of topologies on a set 
of order n and for any nxn Boolean matrix A, let : 
µ(A) 1 If and on 1 y if' A = A2 0 otherwise, 
where A2 is the Boolean matrix product of A with itself. 
Then: 
where the summation runs over all posslble nxn Boolean 
matrices and where a 11 is an entry on the main diagonal 
of ·the matrix A. 
· ·Proof: By theorem 2.2 and lemma. 2.3, we have that the 
number of topologies on a set of order n Is equal to the 
number of nxn reflexive idempotent Boolean matrices. If 
A= (a .. ) is any nxn Boolean matrix, then by definition, 
I J 
A is reflexive if and only if the product of the elements 
of the main diagonal is one, and A is Idempotent if and 
2 
only if A~ A . Hence the theorem follows. 
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